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This paper studies comprehensively the least squares Gaussian approximations of
the diffraction-limited 2D /3D paraxial/non-paraxial point spread functions (PSFs)
of Wide Field Fluorescence Microscope (WFFM), Laser Scanning Confocal Mi-
croscope (LSCM) and Disk Scanning Confocal Microscope (DSCM). The PSFs
are expressed using the Debye integral. Under an L°° constraint imposing peak
matching, optimal and near-optimal Gaussian parameters are derived for the
PSFs. With an L' constraint imposing energy conservation, an optimal Gaussian
parameter is derived for the 2D paraxial WFFM PSF. We found that: (i) the 2D
approximations are all very accurate; (ii) no accurate Gaussian approximation
exists for 3D WFFM PSFs; (iii) with typical pinhole sizes, the 3D approximations
are accurate for DSCM and nearly perfect for LSCM. All the Gaussian parameters
derived in this study are in explicit analytical forms, allowing their direct use in

practical applications. (¢) 2006 Optical Society of America

OCIS codes: 999.9999 (point spread function), 000.4430, 180.2520, 180.1790,

180.6900, 110.0180.

1. Introduction

The PSFs of fluorescence microscopes, e.g. Wide Field Fluorescence Microscope (WFFM),
Laser Scanning Confocal Microscope (LSCM) and Disk Scanning Confocal Micro-
scope (DSCM), play a central role in understanding the imaging performances, such as the
theoretical resolution limit and the optical sectioning capacity. A great amount of research

has focused on deriving more and more accurate PSF models based on wave optics (cf. Ref. 1



and the cited references in it). Despite the availability of these rigorous physical models of
PSFs, approximative PSFs and particularly separable Gaussian approximations are widely
preferred in practical microscopic applications requiring fast data processing, such as sin-
gle fluorescent particle tracking,>* fluorescent dot localization and tracking with super-
resolution,”% and myopic deconvolution.” Indeed, compared with a physical PSF model,
which usually involves non-trivial terms such as integrals and infinite series, a Gaussian
approximative PSF is much simpler and can be computed much faster. Furthermore, due
to its special analytical form and nice properties (semi-group property, invariance under
Fourier transform, etc.), a Gaussian PSF is often chosen to facilitate theoretical analysis
and modeling, such as the derivation of analytical solutions to 3D Fluorescence Recovery
After Photobleaching (FRAP) process,®? the modeling of 3D tubular structures in confocal
images'® and the analysis of convergence properties of EM deconvolution.'!

Despite the popularity of Gaussian approximations, most of the above mentioned works
either assume the validity of the approximations or only justify them empirically on observed
data. The approximation accuracy and the selection of Gaussian parameters have rarely
been rigorously investigated with any physical PSF model, leaving these approximations

6:12 considered the

essentially arbitrary. To the best of our knowledge, only a few works
approximations based on physical models, but they solely covered the paraxial WFFM PSF
case with an L constraint (see section 3 for details on this constraint).

This paper, which extends and generalizes our previous work,'3 studies comprehensively

the least squares Gaussian approximations of the diffraction-limited 2D /3D paraxial /non-

paraxial PSFs of WFFM, LSCM and DSCM. The PSFs are expressed using the Debye



integral, presented in section 2. Then, in section 3 we derive, under an L* constraint
imposing peak matching, optimal and near-optimal Gaussian parameters for the WEFM,
LSCM and DSCM PSFs. Next, we consider in section 4 the approximations with an L'
constraint imposing energy conservation, where an optimal Gaussian parameter is derived
for the 2D paraxial WFFM PSF. Numerical results in section 5 show that: (i) the 2D
approximations are all very accurate; (ii) no accurate Gaussian approximation exists for
3D WFEFFM PSFs; (iii) with typical pinhole sizes, the 3D approximations are accurate for
DSCM and nearly perfect for LSCM. All the Gaussian parameters derived in this work are
in explicit analytical forms and are listed in Tables 1, 2 and 3. We conclude in section 6

and defer the mathematical details to appendices.

2. Theoretical diffraction-limited PSF models

In this work, the PSF models are supposed to be diffraction-limited and aberrations will be

ignored. Our models are based on the Debye diffraction integral, presented below.

2.A. Paraxial and non-parazial Debye integrals

Consider a uniformly illuminated microscope objective lens. The illumination wave of vac-
uum wavelength A is transformed into a converging spherical wave propagating in the object
space, which has a refractive index n and a wavenumber k = n%’r This situation is pre-
sented in Figure 1, where we also show the coordinate system used in this paper. Then,
the near-focus amplitude distribution h can be expressed by the scalar Debye diffraction

integral:!

h(z,y,z;\) = C’o/ Veos 0.0y (kpsin 0)e™ 50 gin 9 dg (1)
0



where Cj is a complex constant, Jy is the zero-order Bessel function of the first kind, p =
\/m and « is the maximal convergence semi-angle of the objective. The apodization
term v/cos @ in (1) results from the sine condition® !4 verified by aplanatic lenses as generally
used on commercial microscopes. It is known that the Debye model is well adapted to
approximate the near-focus light distribution in non-paraxial imaging, i.e. when a high NA
(Numerical Aperture) objective is employed.!

Now, if we decrease the value of NA, it can be seen that (1) tends asymptotically to the

following paraxial model (sinf ~ §),%14

1 . .
h(z,y,z;\) = Cle_’kz/o Jo(k:ptsina)e%k2t251n2°‘tdt (2)

where C; = o?Cy. In both paraxial and non-paraxial cases, the intensity distribution is

given by |h|%.

2.B. PSF models of WFFM, LSCM and DSCM

We suppose that the pinholes in LSCM and DSCM are circular with a radius »r = D/2 in
the object space, and that the emission fluorescence is incoherent. To derive the object-
space PSFs!'® of WFFM, LSCM and DSCM, we will make use of the Helmholtz reciprocity

theorem.'® As a direct result of this theorem, the intensity PSF of WFFM is given by
PSFWFFM(:anvz) = |h($7yaz;/\em)|2 (3)

where M., is the fluorescence emission wavelength.
Using the property of the near-linear dynamics of fluorescence emission under usual laser

excitation'” and the reciprocity theorem, the LSCM PSF is the product of excitation and



emission intensity distributions:

PSFrscm(z,y, 2) = [h(z,y, 23 Aea)|? / h(z — 21,y — y1, 2 Aem) [P dz1dyr  (4)
{22 +y2<r?}

where A., denotes the laser excitation wavelength.

To derive the DSCM PSF, we use the fact that the pinholes on the disk of DSCM form a

18,19

nearly periodic hexagonal pattern in the object space with an adjacent pinhole distance

d. Then, the DSCM PSF is given by'?

2
PSFpscm(z,y,2) =

d
Z h <x e §(nx +ny),y — ?d(nz v ny),z;)\ex)

(nz,ny)€D

/{xfﬂ,%gr?} |h(z — 21,y — Y1, 2; Xem)|* dz1diy (5)
where the total excitation distribution is the sum of the individual excitation distributions
from the illuminating pinholes whose index set is denoted as D C Z2. We point out that, in
this paper, the light source of DSCM is assumed to be a laser, since it is the most widely
used source in commercial microscopes. Thus, as a coherent source is used, the first modulus
sign in (5) is applied to the entire sum instead of to each summing term.

Finally, the expressions of the paraxial PSFs of the three microscopes are obtained by
inserting the paraxial integral (2) into (3), (4) and (5). The expressions of the non-paraxial
PSFs are derived likewise except that the non-paraxial integral (1) should be used. It can
be verified from these expressions that all the PSFs have mirror symmetry about the zy-
plane. Furthermore, PSFyw rprays and PSEFrgoar have circular symmetry about the z-axis,

and PSFpgcas is almost circularly symmetric if the distance d is sufficiently large.



3. Gaussian approximations of the PSF models with an L* constraint

To derive Gaussian approximations of the PSFs given in (3), (4) and (5), we suppose in the
following that the Gaussian functions are centered at the origin of the PSFs and are sepa-
rable. We make these two assumptions not only because they simplify the calculus and are
widely adopted as stated before, but also because centered separable Gaussians are the only
Gaussian functions that preserve the intrinsic symmetries in the PSF models (cf. Propo-

sition A.1, Appendix A). Therefore, the 2D and 3D Gaussians g, are respectively given

by:
2 2 2
o zr+yT\ P
ggp($’y) = Ajexp (— 203 > = Ajexp <—_203> (6)
2 2 2 2 2
A z“+y 27\ P <
Gopo.(¥,y,2) = Agexp <" 202 2ag> = Azexp <_2ag - 2a§> “

We want to find the best Gaussian parameter, i.e. o* = 0, in 2D and o = {a;, o:} in 3D,

that minimizes the least squares (LSQ) criterion, i.e.
o* = argmin |PSF — g, || (8)
>0

In this section, we suppose that the Gaussian functions and the PSFs are normalized
according to their L norm i.e. ||gs|lcc = ||PSF|lcc = 1. We have thus A; = Ay = 1. It
can be noted that since the Gaussians, the WFFM PSFs, the LSCM PSFs and the DSCM
PSFs (with d sufficiently large) are all maximized at the origin, this normalization imposes
matching the peaks of g, and the PSF. In the following, we will denote by ¢* the proposed

parameter and by ¢* the optimal parameter given by (8).



3.A.  Gaussian approrimations of 2D WFEFM PSFs
We begin with the 2D paraxial WFFM PSF, which is known as “Airy disk” and can be
directly derived from (2) and (3) by setting z = 0, i.e.

2
Jl(kemNAp)] (9)

where Jy is the first order Bessel function of the first kind and k., = /\i—”m is the emission

wavenumber. Proposition B.2 (cf. Appendix B) shows that the solution to (8) is

)\em

This value was first given in Ref. 6, and a complete proof can be found in Ref. 13.

Unlike the paraxial case where the optimal parameter value can be found exactly, a direct
minimization of (8) is difficult in the non-paraxial case since the non-paraxial PSF, derived
by inserting (1) into (3) with z = 0, has no closed form. However, we can note that the L?
energy of the PSF (|PSFy rrarl|3) concentrates mostly in the main lobe, which is situated
in a small neighborhood of the origin. Therefore, an approximation near the origin capturing
the decay of the main lobe, e.g. g,(p) — PSFwrram(p) as p — 0, can be expected to give a
good global approximation. This can be easily achieved by matching the Maclaurin series of
the PSF (29) with that of a Gaussian function (27) with z = 0. The two expansions differ in
their second and higher order terms. Thus, by imposing the equality on their second order

terms, we obtain:

NI

1 4—7COS%OZ+3COS%O4 (11)
nkem 71— cos? a)

~ %
%

The positivity of the bracketed term in (11) can be easily verified, so &, is well defined. From

a geometric point of view, this approach matches the principal curvatures of the graphs of



the two functions at the origin,'? since the gradients and the second-order mixed derivatives
of the PSF and of the Gaussian vanish at the origin.

The near-optimality of (11) under the original LSQ criterion (8) will be confirmed by the
numerical results in section 5. Yet, the consistency analysis below already sheds some light

on why (11) can be considered as a “good” parameter.

3.A.1. Consistency of the Gaussian parameters

As a— 0 or NA — 0, i.e. as the system becomes paraxial, we have,

(11)

o o NA) (12)

Therefore, (11) tends asymptotically to v/2/(kemNA) & 0.225)\,, /NA, a value only a few
percent larger than (10). This implies that the non-paraxial parameter (11) gets close to

the optimal solution in the paraxial limit.

3.B.  Gaussian approzimations of 2D LSCM PSFs

The Maclaurin expansion of the 2D paraxial LSCM PSF is given by (30) with z = 0. By
applying the same series-matching method as in section 3.A, the Gaussian parameter is

found to be:

=

02 462J0(62)J1(02) — 8J2(62) B
~ ok — 2 _1 1
7= V2 r?2 2 J§(ca) + JP(c2) — 1]

where ¢1 = keprNA, o = keprNA and ke, = % is the excitation wavenumber.
In the non-paraxial case, due to the complexity of the non-paraxial PSF, the parameter
derived by series matching has no closed-form expression, which is inconvenient for practical

use. One solution to this is based on the observation that the non-paraxial LSCM PSF will



be much simplified if the terms |h| in (4) are first approximated by Gaussian functions.
This pre-approximation of the PSF model is reasonable, since the terms |h| share the same
form as the 2D non-paraxial WFFM PSF, which can be very accurately approximated by
the Gaussians with the parameters derived in the previous section (see section 5 for the
numerical results). By matching the series of this pre-approximated PSF, i.e. (31) with

z =0, and that of a Gaussian, we obtain:

D=

4 r? 2 2
20'em’p {exp <—2o§m p) — 1} +r9og,,

2 4 2
Ozw.pTem,p [exp <202m ) - 1]

3P

5% =2 (14)

where oepm , is given by (11) and o, , is also expressed by (11) with ke, replaced by ke

3.B.1. Consistency of the Gaussian parameters

First, we can see that as the system becomes paraxial, the non-paraxial parameter (14)
tends asymptotically to the paraxial one (13):

_(4)
S, i) = 19

Second, we study the asymptotic behavior of (13) and (14) in the vanishing pinhole case
(r — 04), i.e. as the system approaches ideal confocality. In this situation, the pinhole is
modelled as a Dirac distribution and the LSCM PSF (4) simply reduces to the product
of two WFFM PSFs. Maclaurin series matching is then applied for this ideal confocality

case to derive the paraxial and non-paraxial Gaussian parameters, given by (16) and (17)

respectively.
2 )‘ex)‘em
T (16)
P T 2NA (2, + 22,007

1

ok AezAem Tcoss a—3cosza—4|

9p = T 3 (17)

2mn(AZ, + A2,))2 7(cosz a — 1)
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The following results confirm the consistency of the parameters (13) and (14) with (16) and
(17) as r — 0+.

lim (13) = (16), lim (14) = (17) (18)

r—0+ r—0+

Interestingly, we can note that if the Stokes shift'” is negligible, i.e. Aez & Aem, both pairs
of equations (10)(16) and (11)(17) imply that in the ideal confocality situation, the effective
width of the LSCM PSF is approximately 1.4 times smaller than that of the WFFM PSF.
Here, we see the well-known resolution gain factor in LSCM.

Finally, for a full-open pinhole (r — +00), the equations below show that the Gaussian
parameters (13) and (14) tend towards those of WFFM with A.,, replaced by Az, which is

consistent with the known fact that in this case an LSCM behaves as a WFFM.

N[

3 z
lim (13) = V2 ~ 0995 )\ex, lim (14) = 1 7cos2 « —33 cosz a — 4
r—-+00 kexNA NA r—-+00 nke:c 7(COS§ o 1)

3.C.  Gaussian approximations of 2D DSCM PSFs

The DSCM case is more complex as the approximation quality varies with the adjacent
pinhole distance d. We will assume that d is sufficiently large so that the PSF is almost
circularly symmetric, or equivalently, that the contribution of individual excitation distribu-
tions from adjacent pinholes to the total PSF is negligible. This condition can be considered
fulfilled if the support of the main lobe of the emission PSF contains only one main lobe of

the excitation PSF. In terms of d, we should require:

dde:%(A;erDH) AU (20)

where “AU” stands for the “Airy Unit”, i.e. 1AU = 1.22 - A, /NA. Under this condition,
the DSCM PSF approaches reasonably well the LSCM PSF, and the Gaussian parameters

11



(13) and (14) can be applied respectively to the paraxial and non-paraxial DSCM PSFs

(see also section 5 and Ref. 13).

3.D. Gaussian approrimations of 3D PSFs

The Maclaurin series of the 3D paraxial WFFM PSF, 3D non-paraxial WFFM PSF, 3D
paraxial LSCM PSF and 3D pre-approximated non-paraxial LSCM PSF are given by (28),
(29), (30) and (31). The lateral and axial Gaussian parameters for these PSFs are found
by the same series matching method as described in the 2D case. The same Gaussian
parameters as LSCM are proposed for the DSCM PSFs under the condition (20).

Tables 1, 2 and 3 summarize the proposed 2D and 3D Gaussian parameters. The consis-
tency of the 3D parameters can be studied in the same manner as in the 2D case and the

main results are listed below:

Paraxial system: As the NA becomes small, the 3D non-paraxial lateral and axial
Gaussian parameters of WFEM, LSCM and DSCM tend asymptotically to the parax-

ial Gaussian parameters;

Ideal confocality: As the pinhole radius approaches zero, the 3D lateral and axial
Gaussian parameters of LSCM and DSCM converge to the parameters derived in

the vanishing pinhole situation;

Full-open pinhole: As the pinhole radius tends to infinity, the 3D Gaussian parameters
of LSCM and DSCM approach those of WFFM with A.,, replaced by A, except for
the non-paraxial axial parameter 7. The latter exception implies that the 3D non-
paraxial Gaussian approximations of LSCM and DSCM PSFs cannot be applied to

12



large pinhole situations.

4. Gaussian approximations of the PSF models with an L' constraint

In the applications where photometry should be preserved, it is important to consider
the L' constraint [|g,|[y = ||PSF||1 = 1 in the optimization problem (8) instead of the
L™ constraint. This constraint requires the PSF energy to be conserved by the Gaussian
function used to approximate the PSF.

Note that this constrained optimization is infeasible for 3D WFEM PSF's, since they are
not L' functions. In general, analytical solutions to this optimization problem are difficult
to obtain except for the 2D paraxial WFFM case, where we can show (cf. Proposition B.2,
Appendix B):

)\em
o)~ 02258 (21)

We point out that the general result of the approximation of the 2D paraxial WFFM PSF

with an LP constraint (1 < p < 00) is presented in Proposition B.3 (cf. Appendix B).

5. Numerical evaluations of the approximations

The approximation error is evaluated using the Relative Squared Error (RSE) defined by

_|[PSF — g5+I3

RSE =
|IPSF||3

(22)

where the Gaussian function and the PSF are both normalized according to their L norm
or L' norm, depending on the approximation constraint used. Clearly, this criterion is
essentially the same as the one defined in (8), since the squared L? norm of the PSF in

(22) is just a normalizing constant. To compute the optimal Gaussian parameter o* of (8),

13



a numerical LSQ fit is used. Then, the Parameter Relative Error (PRE), i.e. |6* — o*|/0*,

is evaluated.

5.A. Numerical results

In our simulations, ., and A, are set to 488nm and 520nm respectively, which are two
wavelengths frequently used in real experiments. The refractive index is set to n = 1.515,
which is the typical value of immersion oils. In LSCM and DSCM, the pinhole diameter
ranges from 0AU to 3AU, i.e. from a vanishing size to a large size. For DSCM, d is set to dp.
The NA varies from 0.2 to 0.7 in the paraxial cases, and from 0.8 to 1.4 in the non-paraxial
cases. Given an NA value, the exact theoretical PSFs are computed using (3), (4) and (5),
the Gaussian approximations are generated using the parameters shown in Tables 1, 2
and 3, and then the approximation errors are evaluated. The results of the approximations
with the L° constraint are shown in Tables 4, 5 and 6, where we present the minimal and

maximal RSE values for the WFFM, LSCM and DSCM cases. The minimal and maximal

*

PRE values of the lateral and axial parameters (57,

and 67}) are also shown. The results
of the approximation of the 2D paraxial WFFM PSF with the L' constraint are given in
Table 7. Examples of the Gaussian approximations with the two constraints are presented
in Fig. 2 and Fig. 3.

5.B. Discussion

The following conclusions can be drawn by examining Tables 4, 5, 6 and 7.

14



2D approximations for WFFM, LSCM and DSCM The approximation accuracy
for all 2D PSFs is very high, since we have RSE < 2% in WFFM (cf. Tables 4 and 7), < 2%

in LSCM (cf. Table 5) and < 4% in DSCM (cf. Table 6).

3D approximations for WFFM Table 4 shows that the approximations of the 3D
WFFM PSFs are only average, as an RSE of about 17% is observed. However, this is
not a defect of the Maclaurin series matching method, since the very low PRE values
(~ 2%) confirm the near-optimality of the proposed parameter ¢*. Indeed, the numerical
LSQ Gaussian fits are found to result in almost the same RSE (data not shown). It follows
that an RSE of about 17% is the lower error bound, whatever the approximation approach
used. This inaccuracy is actually due to the fact that the axial WFFM PSF decreases
slowly (as O(z72)). In contrast, the axial decreasing speed of the LSCM PSF with typical
pinhole sizes is much higher (as O(z™*)), since the PSF is in the form of the product of
excitation and emission PSFs both having O(z~2) as decreasing rate. This can also be seen in
Figure 2, where secondary lobes with significant amplitudes are present in Figure 2(d) (axial
WEFFM PSF), while they are almost invisible in Figure 2(e) (axial LSCM PSF). Hence,
Gaussian approximations perform much better for LSCM with typical pinhole sizes (see

below).

3D approximations for LSCM and DSCM Tables 5 and 6 show that, the 3D approx-
imations are accurate for DSCM with typical pinhole sizes (RSE < 7%, D < 1AU), and
accurate for LSCM up to reasonably large pinhole sizes (RSE < 9%, D < 3AU). In partic-

ular, the 3D approximations for LSCM with typical pinhole sizes are nearly perfect (RSE

15



< 1%, D < 1AU).

As pinholes become larger and larger, the PSFs tend asymptotically to WFFM PSFs. It
follows from the previous discussion on 3D approximations for WEFFM that in this case,
any Gaussian approximation will become inaccurate. In the experiments, as can be seen
in Table 5, the performance of our approximations for LSCM degrades (RSE > 10%) as
D > 3AU. In the case of DSCM, the RSE values are larger than 10% as long as D > 1AU
(cf. Table 6).

Therefore, we conclude that the regions where our 3D approximations perform accurately
for LSCM and for DSCM are given by the sets of D satisfying D < 3AU and D < 1AU,

respectively.

Accuracy of Gaussian parameters As can be seen from Tables 4, 5 and 7, in the cases
of WFFM, 2D LSCM, and 3D LSCM with D < 3AU, almost all the PRE values are within
only a few percent, implying the near-optimality of the proposed Gaussian parameters. For
2D DSCM and for 3D DSCM with D < 1AU, the PRE values are generally larger than
those in LSCM under the same condition but remain satisfactory (cf. Table 6).

Finally, we point out that as the optimal Gaussian parameters (10) and (21) derived for
2D paraxial WFFM PSF have undergone numerical approximations (see Proposition B.2,

Appendix B), their PRE values deviate slightly from zero (cf. Tables 4 and 7).

6. Conclusion

We have studied comprehensively the least squares Gaussian approximations of the

diffraction-limited 2D /3D paraxial/non-paraxial PSFs of WFFM, LSCM and DSCM de-

16



scribed using the Debye integral. Optimal Gaussian parameters are derived for the 2D
paraxial WEFM PSF, under both the L> constraint imposing peak matching and the L'
constraint imposing energy conservation. For the other PSFs, with the L° constraint, near-
optimal parameters in explicit forms are derived using Maclaurin series matching. We found
that: (i) the 2D approximations are all very accurate; (ii) no accurate Gaussian approxima-
tion exists for 3D WFFM PSFs; (iii) with typical pinhole sizes, the 3D approximations are
accurate for DSCM and nearly perfect for LSCM.

This study can be extended along several lines, including approximations of the PSFs
described using vectorial Debye integral! with various laser polarization modes, and ap-

proximations in presence of aberrations.

Appendix A: Gaussian function under the assumption of symmetries
The following proposition was proven in Ref. 13.
Proposition A.1 (Ref. 13) Assuming a 3D Gaussian distribution

() = ) 2 e (x-S - )

where we denote x = (x,y,2)T, the mean vector pu = (s, fiy, p12)* and the covariance matriz
Y = [04j]1<ij<3- gn has circular symmetry about the z-azxis and mirror symmetry about the

zy-plane if and only if p =0 and X is diagonal with o11 = 0922.

Appendix B: Optimal Gaussian parameter for the 2D paraxial WFFM PSF

We recall the expressions of the Airy function h and the Gaussian function g,-:

hp) = <2M>2 and  go(p) = exp <—%>

cp

17



where ¢ = k., NA. We define the objective function for 1 < p < oo,

2

5o = | ~ 1o

2

In the following, I,, denotes the n-th order modified Bessel functions of the first kind.

Proposition B.2 The unique solutions to argmin, g Ey(c) for p=1 and p = oo are:

0.22\em/NA  p=1
o~ (23)
0.21\¢/ NA D= 00

Proof: In the following, we will prove the case p = 1. The proof of the case p = oo is

completely similar and is provided in Ref. 13.

As |[h]li = % (cf. Ref. 20), we have (the calculus details are in the proof of Proposi-
tion B.3):
0E, 3¢°7" — 41o(c%0?) — 811 (c*0?)
(o) = 3 o252 (24)
do 2mode

We define the numerator of (24) as f(u) := 3¢ — 4Iy(u) — 811 (u) where u = c?0%. Then
we have, on one hand, f(u) < 0 in a right neighborhood of the origin; on the other hand,
f(u) — 400 as u — +o00. Therefore, there must exist at least one u* such that f(u*) = 0.

We will prove the uniqueness of u*. The series expansion of f”(u) is given by:

fflu) = 1+ i(k‘ + 1) (k + 2)cg - uF
k=1

3 __4 k=92n—2
2n)! 2n (p1)2
L, = (@r) #eml) n=12...

k=2n—-1

3 4
(2n+1)! 22nnl(n+1)!

It can be shown from induction that ¢, > 0, so f”(u) > 0 for v > 0. This strict convexity

of f on [0,400) together with the fact that f(0) = —1 < 0 ensures the uniqueness of u*.

18



We have thus f(u) < 0 on (0,u*) and f(u) > 0 on (u*,400). Numerically, v* ~ 1.9116.
The proof is completed by noting the positivity of the denominator of equation (24). O]

The following proposition studies the case of a general value of p.

Proposition B.3 The solution to argmin .o E,(o) for 1 < p < oo, if it exists, satisfies

necessarily the following equation (taking the limit for the case p = o00):

5 o2 2
A|hllp (%) P (1 — —> =38 [p‘l <e_620210(c202) - 1) + 6_020211(620'2)(]9_1 +1)

p
(25)
Proof: The case p = oo is proven in Ref. 13. For 1 < p < oo, note that ||g,|, =
1 2 1
(2m)rorp 7, and ||k, is a constant independent of 0. Then, we differentiate the objective
function with respect to o, and for o > 0 the differentiate operator and the integral can be

shown to be interchangeable:

d| h e | _ /°° d <h<p) ga(p)>2
— — T p_ —
1901 2 0 I”lly  1lgollp
1
= Adn <2];_>p (To + 11 + 1) (26)
where
1 2 1
P\» _i_l P P\pP—2 1-4
b @ () Gone () e
—-2-1 241 2 2 2 2 2 2
8o » 4o v 1 —exp(—co?)|lp(c0”) + I1(c°o
. / enyon (~ L) o L expetolhlo?) + h(co?)
pc? Ith thHp cio
40'_7’ P’ 400! 2 2 2 2
T, = / J (cp)exp< >pdp: exp(—c“o?)I1(c*0?)
NBllpe® Jo 20° e

The results of the integrals T} and T, are taken from Ref. 20. Finally, the equation (25) is

obtained by setting (26) to zero. O
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Appendix C: List of Maclaurin Expansions

To simplify the expressions, we define the intensity distributions given by the paraxial and

non-paraxial Debye integrals i.e. hj, and hy,, and the Gaussian function g,, -, as follows.

1 _ . 2
hp(z,y,z;\) = / ']O(kt\/WSiDQ)G%th2smzatdt
0
« 2
hop (2,1, 25 A) = / vV cos HJO(k;\/msin H)e_’kz cos i1 0 d6
0
(@.9.2) Py 2
5,0\ LY, 2 = ex — _
g 00z ) p 20% 202

where the wavenumber in the object space k = n%ﬁ The excitation and emission wavenum-
bers are denoted as ke, = )% and ke, = )\26—:1, respectively. We further denote x := (z,y, 2)7.

Below shows the second-order Maclaurin expansion of the 3D separable Gaussian function:

1 2 2 1 2 2
9opo.(,9,2) =1 = E(iﬂ +y°) — Ez + o(]x]7) (27)

The expansions of the 3D paraxial and non-paraxial WFFM PSFs are given by:

k2, NA? k2, NA? sin’
Ay (@, 25 Do) = 1 = == (@ 49?) = == 22 4 o) (28)
9 n2k2 (4 — Tcos? a + 3cos? a
(@Y, 2 Aem) = 1 - em( 5 )(;p2 +°)
4(1 — cos2 a)? 14(1 — cos2 «)
3n2k2, <4 +4cos® o — 25 cos? a + 42 cos? a — 25 cos? a)
- 2%+ o(|x[?) (29)

175(1 — cos? a)?

By denoting ¢1 := keprNA and ¢y := k7 NA, the expansion of the 3D paraxial LSCM PSF

is given by:
4k2, NA?
em h,(x, ,z;/\em/ hy(x —t1,y — to, 2; Aem ) dt1dt
A= TRea) — To(en)] VN oy g T 0y 5 ) s
1 C2 462J0(62)J1(62)—8J2(62)
—1--4 1 2 2
4 |:7"2 + T2[J3(02) + J12(62) —1] (@™ +y7)

1 [c%NA2  4863[J3 (c2) 4 Ji(c2)] — 1927 (c2)

48 | r2n2? n2k2,r4[J3(c2) + JE(c2) — 1] ] 2 O(’XP) (30)

48
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If the excitation PSF and the emission PSF are modeled by Gaussian functions g, , o....

and go.,, ,.0em..» T€SPectively, the expansion of the 3D LSCM PSF is given by:
o ()
9 ;2 go’ez,pyoez,z (x7 y? Z) /2 5 5 go’em,pyoem,z (':U - tl? y - t27 Z) dtldt2
27T06m,p |:€Xp (m) — 1] ti+t5<r
4 r? 2 2
1 2aem7p [exp (22—) — 1] +roog., 102 4+ o2
—1_ = Tem,p (ZE2 + y2) Lt 7exz em,z 22 + O(|X|2) (31)
4 o2 o4 [ex ( 2 > — 1} 2 ng’ zo-gmz
ex,p~ em,p P 2Jg7n,p ) )
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Table 1: Gaussian Parameters for 2D PSF's

Microscope Gaussian Parameter!

Paraxial WFFM 65 =021 /NA

(L®° constraint)

Paraxial ~ WFFM 6, = 022X, /NA
(L' constraint)
Yorseota] 2
Non-paraxial 6'; = nkl I:4—7cos a+33cos a:|
em 7(l—cos? a)
WFFM  (L® con-
straint)
1

2 a2 _1
Paraxial LSCM and a—; =42 % + 4Ci57[0}§?2;1)1ici%)(c§37i§?2) 2
DSCM (d > dy, L*™®
constraint)

_1

203771, |:6Xp( e )—1]-}-7’202:0, :

Non-paraxial LSCM 6y = V2 i 202, . e
727 s |0 33— ) 1]
dem,p
and DSCM (d > dy,
L*° constraint)
1 kex = )?Tﬂ;-c’ kem = )\2::”7 Cl = kexTNA, C2 = kemTNA, Uem,p iS glven 'by the

expression of ¢ of the non-paraxial WFFM (L constraint) and o, , is given

by the same expression with k.., replaced by ke,.
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Table 2: Lateral Gaussian Parameters for 3D PSFs (L constraint)

Microscope Lateral Gaussian Parameter!
Paraxial WFFM 6% =V2/(kemNA)
1
Non—paraxial 5 = 1 4-7 cos% a+3 cos% o 2
P nkem 7(1—005% «)
WFFM
1
. Ax 4eaJo(e2)Jr(c2)— 8J2(62) 2
Paraxial g, = V2 [ + 22 (ea)+ T3 e) 1] }
LSCM and

DSCM (d > do)

(SIS

Non-paraxial 6 =2 2U§mP{eXP( 5 p) 1]+T2"gwp )
ey
LSCM and

DSCM (d > do)

Vy = /\277;, kem = )\2 —, €1 i= kezrNA, c3 := kentNA, 0cp, p is given by
the expression of 67, of the non-paraxial WFFM and o, , is given by the

same expression with k., replaced by k...
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Table 3: Axial Gaussian Parameters for 3D PSFs (L* constraint)

Microscope Axial Gaussian Parameter!

Paraxial WFFM 6% = 2v6 - n/(kemNA?)

3
. . —cos?
Non-paraxial o0r = 5ﬁ(71 cos? @) - ; T
\/E-nkem [4 cos® a—25c0s2 a+42cos2 a—25 cos2 a+4] 2
WFEFFM
1
. ) 2NA?  48c2[J2 () +J2(c2)]—192J2(c2) | 2
* ‘ _ #Gldplc2 i\c2 i\c2
Paraxial o, = 26 P 2R TR (c2) T2 (a) 1]
LSCM and
DSCM (d > dy)
Non-paraxial 6F = —JemzTems:

2 2 2
[Oez,z +Uem,z]

LSCM and

DSCM (d > do)

1 2 2 - R 3 3
e = ﬁ, kem = ﬁ, c1 1= kegrNA, ¢ := kemTNA, 0¢p, - is given by

the expression of 67 of the non-paraxial WFFM and o, . is given by the

same expression with k.,, replaced by k..
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Table 4: Approximation Errors® on WFFM PSFs (L>° constraint)

RSE% 2D Parax. 2D Non-Parax. 3D Parax. 3D Non-Parax.
(0.4, 0.5) (1.6, 1.7) (16.0, 19.9) (16.2, 17.4)

PRE% & & o ope o 0%
(0.3, 1.5) (7.0, 7.0) (0.6, 2.0) (2.1,24) (2.2,2.6) (0.9,1.9)

§ The top part of the table shows the RSE% and the bottom part shows the PRE%. In
parentheses, the minimal and maximal errors are shown: (Min.Err.%, Max.Err.%). The
NA varies from 0.2 to 0.7 in the paraxial cases and from 0.8 to 1.4 in the non-paraxial

cases.
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Table 5: Approximation Errors® on LSCM PSFs (L constraint)

RSE% 2D Parax. 2D Non-Parax. 3D Parax. 3D Non-Parax.
D=0" (0.1, 0.3) (0.2, 0.3) (0.3, 0.4) (0.4, 0.4)
D=0.25 (0.1, 0.2) (0.3, 0.6) (0.3, 0.5) (0.5, 0.8)
D=0.5 (0.1, 0.3) (0.6, 0.6) (0.4, 0.5) (0.6, 0.7)

D=1 (1.3, 2.0) (1.0, 1.0) (1.7, 2.2) (1.5, 1.6)

D=2 (1.1, 1.6) (1.5, 1.6) (5.3, 5.7) (7.6, 8.5)

D=3 (1.1, 1.6) (1.5, 1.7) (9.2, 9.6) (11.8, 13.5)
PRE% oy, oy, oy, fop oy, fop
D=0 (0.5, 3.1) (2.8, 3.2) (0.2,2.4) (25,29 (2.1, 2.5) (2.2, 2.4)
D=0.25 (0.6, 3.0) (3.7, 5.2) (0.3,2.2) (24,33) (2.9, 4.3) (1.9, 2.7)
D=0.5 (0.9, 3.1) (5.2, 5.3) (0.2,2.0) (L.7,21) (4.1,4.2) (0.9, 1.2)
D=1 (7.4, 9.0) (5.4, 5.7) (5.6,7.3) (0.0,0.3) (3.9, 4.1) (7.6, 8.3)
D=2 (5.9, 7.5) (6.9, 7.1) (1.9, 3.5) (3.7,4.0) (3.3,3.5) (20.6, 21.2)
D=3 (5.7, 7.2) (6.8, 6.9) (1.0, 2.6) (2.6,2.8) (2.4,2.8) (24.0,24.3)

§ The top part of the table shows the RSE% and the bottom part shows the PRE%. In
parentheses, the minimal and maximal errors are shown: (Min.Err.%, Max.Err.%). The
NA varies from 0.2 to 0.7 in the paraxial cases and from 0.8 to 1.4 in the non-paraxial
cases.

¥ D is the pinhole diameter and its unit is Airy Unit (1AU = 1.22 - A\.,/NA). D=0

corresponds to the vanishing pinhole situation.
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Table 6: Approximation Errors® on DSCM PSFs (L constraint)

RSE% 2D Parax. 2D Non-Parax. 3D Parax. 3D Non-Parax.
D=0T (3.3, 3.3) (3.2, 3.4) (6.1, 6.1) (3.9, 5.5)
D=0.25 (2.0, 2.1) (2.2, 2.4) (2.8, 2.8) (2.3, 2.9)

D=0.5 (0.3,0.4) (0.5, 0.7) (2.3, 2.3) (2.5, 3.3)

D=1 (1.2, 1.2) (2.1, 2.8) (11.6, 11.8) (16.2, 18.4)

D=2 (3.8, 3.8) (3.7, 4.0) (16.4, 16.9) (15.5, 16.7)

D=3 (1.6, 1.7) (1.6, 2.3) (19.0, 21.9) (23.2, 24.5)
PRE% oy, oy o &
D=0 (12.6, 12.6) (12.3, 12.7) (14.4, 14.4) (2.3, 2.3) (13.5,14.4) (0.1, 3.4)
D=0.25 (9.7, 10.2) (10.1, 10.8) (10.5, 11.0)  (4.8,4.9) (10.5, 11.5) (5.8, 8.2)
D=0.5 (3.1, 3.2) (4.2, 5.2) (34,3.5) (12.8,13.0) (4.1,54) (14.4, 18.9)
D=1 (5.7, 5.8) (9.0, 10.4) (5.6, 5.6)  (26.6, 26.6) (8.8, 10.1) (32.9, 35.9)
D=2 (12.4, 12.4) (11.6, 12.0) (9.1, 9.1) (7.4, 7.5) (8.9,9.3) (18.7, 21.0)
D=3 (7.1, 7.1) (6.8, 7.7) (2.1, 2.1) (3.4, 3.4) (1.9, 3.2)  (20.1, 23.4)

§ The top part of the table shows the RSE% and the bottom part shows the PRE%. In

parentheses, the minimal and maximal errors are shown: (Min.Err.%, Max.Err.%). The

NA varies from 0.2 to 0.7 in the paraxial cases and from 0.8 to 1.4 in the non-paraxial

cases. d is set to dg.

¥ D is the pinhole diameter and its unit is Airy Unit (1AU = 1.22 - A\.,/NA). D=0

corresponds to the vanishing pinhole situation.
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Table 7: Approximation Errors® on the 2D Paraxial WFFM PSF (L!

constraint)
RSE% PRE% (6)
(1.1, 1.3) (0.0, 1.7)

§ In parentheses, the minimal and max-
imal errors are shown: (Min.Err.%,
Max.Err.%). The NA varies from 0.2 to

0.7.
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List of Figure Captions

Fig. 1. Focusing of an illumination wave by an objective lens.

Fig. 2. Examples of the Gaussian approximations of WFFM, LSCM and DSCM PSFs with
an L constraint. Non-paraxial cases, A, = 488nm, Ay, = 520nm, n = 1.515, NA = 1.0
and the pinhole diameter D = 0.5AU in LSCM and DSCM. (a) Lateral WFFM PSF; (b)
Lateral LSCM PSF; (¢) Lateral DSCM PSF (d = dy); (d) Axial WFFM PSF; (e) Axial

LSCM PSF; (f) Axial DSCM PSF (d = dy).

Fig. 3. Examples of the Gaussian approximations of 2D Paraxial WFFM PSF. (a) approx-

imation with an L constraint; (b) approximation with an L' constraint. A., = 520nm,

n = 1.515 and NA = 0.3.
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Fig. 1: Focusing of an illumination wave by an objective lens. Zhang TBO71625_figl.eps.
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Fig. 2: Examples of the Gaussian approximations of WFFM, LSCM and DSCM PSFs with
an L constraint. Non-paraxial cases, Ae, = 488nm, Aey, = 520nm, n = 1.515, NA = 1.0
and the pinhole diameter D = 0.5AU in LSCM and DSCM. (a) Lateral WFFM PSF; (b)

Lateral LSCM PSF; (c) Lateral DSCM PSF (d = dp); (d) Axial WFFM PSF; (e) Axial

DSCM (Lateral)

-05

()

DSCM (Axial)

LSCM PSF; (f) Axial DSCM PSF (d = dy). Zhang TBO71625_fig2.eps.
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Fig. 3: Examples of the Gaussian approximations of 2D Paraxial WFFM PSF. (a) approx-
imation with an L constraint; (b) approximation with an L' constraint. A., = 520nm,

n = 1.515 and NA = 0.3. Zhang TBO71625_fig3.eps.

34



